We present a detail analysis on a general class of holographic type dark energy models characterized by the length scale L = 1 a n (t) t 0 dt ′ a m (t ′ ). We show that n ≥ 0 is required by the recent cosmic accelerated expansion of universe. In the early universe dominated by the constituent with constant equation of state w m , we have w de ≃ −1 − 4 (2m + 3w m + 3) 2 a 2(n−m) at radiation-and matter-dominated epoch. Whereas the cases n = m ≥ 0 should be abandoned as the dark energy cannot dominate the universe forever and there might be too large fraction of dark energy in early universe, and the cases m > n ≥ 0 are forbidden by the self-consistent requirement Ω de ≪ 1 in the early universe. Thus a detailed study on the single-parameter models corresponding to cases n > m ≥ 0 is carried out by using recent observations. The best-fit analysis indicates that the conformal-age-like models with n = m + 1, i.e. L ∝ 1 Ha in early universe, are more favored and also the models with smaller n for the given n − m are found to fit the observations better. The equation of state of the dark energy in models with n = m + 1 > 0 transits from w de < −1 during inflation to w de > −1 in radiation-and matter-dominated epoch, and then back to w de < −1 eventually. The best-fit result of the case (n = 0, m = −1) which is so-called ηHDE model proposed in [1] is the most favorable model and compatible with the ΛCDM model.
I. INTRODUCTION
Since the discovery of the current accelerated expansion of the universe [2, 3] , many efforts have been made to explain the physical essence behind this phenomenon of acceleration [4] [5] [6] [7] [8] [9] .
Within the framework of the general relativity, the acceleration can be attributed to the existence of a mysterious negative pressure component named phenomenally as dark energy. A positive cosmological constant, which fits to the observations well, is currently still the simplest candidate for dark energy. However, it is plagued with the fine-tuning problem and the coincidence problem [10] . According to the holographic principle [11, 12] that the number of degrees of freedom of a physical system scales with the area of its boundary rather than its volume. This might indicate that degrees of freedom are overcounted in the calculation of the vacuum energy in effective field theory. The author in [13] suggested that the ultraviolet (UV) cutoff Λ uv in the effective field theory should be related to the infrared (IR) cutoff L due to the limit set by the formation of a black hole, i.e., in terms of the natural units,
where M 2 p = 1/(8πG) with G the Newton's constant. Such relation leads to a dramatic depletion of quantum states, which results in a much small vacuum energy density,
When the IR cutoff L is comparable to the current Hubble radius, the fine-tuning problem of the cosmological constant would not exist [13] . Some interesting studies on cosmology with holography have been carried out [14] [15] [16] [17] . In ref. [1] , we have shown that when the IR cutoff L is characterized by the total comoving horizon of the universe, the inflation [18] [19] [20] [21] in early universe makes the vacuum energy given in Eq.(2) behave as a cosmological constant without the fine-tuning problem as well as the coincidence problem, which provided an interesting insight on the cosmological constant as the simplest and best candidate for the dark energy. In alternative,
we have found in [22, 23] that when the IR cutoff L is taken to be a conformal-age-like length, the dark energy density given by the vacuum energy in Eq. (2) is almost insensitive to the inflation in early universe.
In the spirit of the holographic principle [11] [12] [13] , some interesting holographic dark energy models in which the dark energy density is assumed to scale as
with L being some characteristic length scale of the universe have been proposed and studied by many groups .
Particularly, the first holographic dark energy model (HDE) was proposed in [25] by identifying L with the radius of the future event horizon, i.e. a(t)
, here a(t) is the scale factor of the universe at cosmic time t. Alternatively, the total comoving horizon
including the very large primordial part generated by inflation was taken in [1] as the IR cutoff to establish the so-called ηHDE model, as a consequence, the holographic dark energy behaves almost like a cosmological constant. On the other hand, a conformal-age-like length
′ a 3 (t ′ ) motivated from the four dimensional spacetime volume at cosmic time t of the flat FRW universe was adopted in [22] to build the holographic type dark energy model(CHDE). Based on different physical origin, the age t 0 dt ′ of the universe is chosen as the IR cutoff to construct the agegraphic dark energy model(ADE) in [36] , its improved new version(NADE) was proposed with replacing the age of the universe by the conformal age
of the universe [37] .
From the above considerations, it is interesting to investigate a general class of holographic type dark energy models with the characteristic length scale given by the following form
Here we will focus on the case with n, m being the integers. Obviously, the ADE model [36] corresponds to the case (n = 0, m = 0); the ηHDE model [1] corresponds to (n = 0, m = −1), while the NADE model [37] corresponds to the same case but without considering a primordial part generated by inflation [1] ; the CHDE model [22] corresponds to (n = 4, m = 3).
In this note, we are going to investigate in detail a general class of holographic type dark energy models characterized by the IR cutoff given in Eq.(3). Our main purpose is to see the possible holographic type dark energy candidates for various cases of (n, m) by requiring the corresponding models to be self-consistent and also consistent with the expansion history of the universe. In particular, we will show which cases are more favorable. In Sec. II, we first present a description on the general class of holographic type dark energy models, and then we make a detail investigation on various models and find out the possible candidates for the various choices (n, m); In Sec. III, we will mainly focus on the single-parameter models similar to the ΛCDM model and perform the best-fit analysis by using recent cosmological observations; Some concluding remarks and discussions are given in Sec. IV.
Let us begin with the general characteristic length scale of the universe
where H ≡ȧ/a is the Hubble parameter and · denotes the derivative with respect to the cosmic time t. The corresponding holographic type dark energy density is parameterized by
where d is a positive constant parameter. The fractional energy density is defined by
For simplicity, let us consider a flat Friedmann-Robertson-Walker (FRW) universe containing the holographic type dark energy and ambient constituent with constant equation of state (EoS)
or in fractional energy densities
where
If there is no direct energy interchange, each energy component is conservative respectively, which results in conservation equations given bẏ
with i = m, de. By using Eqs. (4), (5), (6) and (9), the EoS of the holographic type dark energy is found to be
Cosmic acceleration requires that w de < − 1 3 recently, which indicates n > −1 or equivalently n ≥ 0 as n is taken to be integer under our present consideration. 
Substituting Eq. (11) into above equation and taking derivative with respect to a in both sides, we arrive at the differential equation of motion for Ω de
Obviously, under the transformation a → and set a 0 = 1. Note that the subscript"0" always indicates the present value of the corresponding quantity.
Considering that our universe has successively experienced the inflation during which w m ≃ −1 (which indicates quasi-de Sitter expansion), the radiation-dominated epoch during which w m = 1 3 , and the matter-dominated epoch during which w m = 0 before turning to accelerated expansion recently, we are actually able to approximately study the behaviors of L, thus the fractional density Ω de in the early universe directly. Here, we will simply ignore the effect due to the transition from one ambient-constituent-dominated epoch to another ambient-constituent-dominated epoch.
Let us definẽ
where the subscript i denotes the beginning of some epoch under consideration. Obviously, we
When the constituent with constant w m dominates the universe from t i , we have approximately
Fridemann equations, which results in the following consequences
Noticing that the approximation in the limit a ≫ a i is due to the fact that H 2 ∝ a −3(1+w m ) and
all the time in the early universe. From Eqs. (14) and (15), we
for the constituent with constant w m dominating the universe. During the inflation, the Hubble and reminding that the expansion of the universe, we haveL ≃ as well. Similar result holds during the matter-dominated era. By using L = a m−nL and Eq.(6), we get the approximate fraction of dark energy in early universe, i.e.
in radiation-dominated epoch and w m = 0 in matterdominated epoch respectively. For self-consistency, we need n > m to ensure that Ω de ≪ 1 when a ≪ 1, thus the ambient matter dominated the early universe. It is not difficult to prove that for n > m, Eq. (18) is the approximate solution of the differential equation of Ω de under the limit
For the case m = 0, from Eqs. (14) and (15), we simply have
inflation. While the approximate solution in matter-or radiation-dominated epoch is also given by Eq. (18) . Thus n > m is also required to be self-consistent.
Let us now pay attention to the case n = m ≥ 0. In this case, we have
at the matter-dominated epoch, which is the exact solution of the differential equation. Referring to the EoS of dark energy Eq. (10), we get w de ≡ w m which means that the holographic type dark energy tracks the dominated component and never dominates. This is of course unacceptable.
Moreover, unless the parameter d is small enough, the faction of dark energy would be too large in early universe to be consistent with primordial nucleosynthesis (BBN) [49] . While by referring to the EoS Eq.(10), a tiny d would make the present EoS of dark energy w de0 severely deviating from −1 and be inconsistent with recent observations [50] .
holds all the time in the early universe. From Eqs. (14), (15) and Eq. (16), we have in early universẽ
Combining with L = a m−nL and H 2 ∝ ρ m ∝ a −3(1+w m ) , we get the fraction of dark energy in early universe when a i ≪ a ≪ 1
As it is analyzed above that n ≥ 0 is required by recent cosmic acceleration, we then have Ω de ≪ 1 when a ≪ 1 consistently for m < 0 here. The scaling property of Ω de with respect to a can also be resulted from the differential equation of Ω de under the limit 1 − Ω de ≃ 1 when a ≪ 1. This is because in light of the above equation the last factor in the differential equation Eq.(13) is found
which is negligible small.
For the cases m = −1 and m = −2, we can also obtain consistently Eq. (20) for n ≥ 0 during the inflation by following the same argument for the case m < −2. While for the radiation-and matter-dominated era, more attention is needed. Let us rewriteL in the following way,
where subscripts b and e denote the beginning and the end of inflation respectively. From Eq. (15), it is not difficult to find that the second term
for the cases m = −1 and m = −2, while the first term is given by
In order to solve the horizon problem [18] , the inflation is required to last enough time to make 
which indicates that for the cases m = −1 and m = −2, the first term in Eq. (22) is much larger than the second term. Thus we approximately havẽ
in the radiation-and matter-dominated epoch. Therefore, Eq.(20) also holds at these two epoches for n ≥ 0 and m = −1 or m = −2.
It is noticed that for the case n = 0 and m < 0 the characteristic scale L will be dominated by the primordial part generated in inflation with referring to Eqs. (4), (15), (25), i.e. (27) in the radiation-and matter-dominated epoch. Then the dark energy behaves almost like a cosmological constant during these two epoches with
Correspondingly, the fractional energy density of dark energy scales as
The ηHDE model corresponding to the case (n = 0, m = −1) has been investigated in [1] . In the cases with m < 0, the observation constraints on the parameter d is very weak and the models seemly have only one effective parameter, i.e. the ratio
. In the ηHDE model, the parameter d can take value in a normal order [1] . While for the case m < −1, the parameter d seems to take very large value due to the very large factor in L, i.e. eventually. Therefore, the EoS of dark energy in such kinds of models transit from w de < −1 to w de > −1 and back to w de < −1 during the universe expansion.
The choices n = m ≥ 0 are abandoned because the dark energy cannot dominate the universe forever and there might be too large fraction of dark energy in early universe. While the choices m > n ≥ 0 are forbidden by the self-consistent requirement that Ω de ≪ 1 when a ≪ 1.
We are going to mainly focus on the single-parameter models corresponding to the cases n > m ≥ 0. In next section, we will perform the best-fit analyses on such kinds of models by using recent observations. As the ηHDE model [1] corresponding to the case (n = 0, m = −1) has only one effective parameter, we shall also take it into consideration for a comparison.
III. OBSERVATIONAL CONSTRAINTS ON SINGLE-PARAMETER MODELS
In this section, we are going to mainly focus on the single-parameter models corresponding to the cases n > m ≥ 0 and perform best-fit analyses on them by using recent cosmological observations including the Union2.1 compilation of 580 supernova Ia (SNIa) data [50] , the parameter A from BAO measurements [51] and the shift parameter R from CMB measurements [52] . The observational data and analysis method are given in Appendix A.
As the cosmological observations mainly come from the epoch when the fraction of radiation energy is tiny, we then simply consider a flat Friedmann-Robertson-Walker (FRW) universe containing only dark energy and matter with w m = 0. Using a = 1 1+z
with z the redshift, we can rewrite Eq. (13) as
and the approximate solution for the cases n > m ≥ 0 in the matter-dominated epoch is given by
which can be chosen as an approximate solution at some z ini . Namely, we may take Ω de (z ini ) = Taking
as the boundary condition, we are able to solve the differential equation Eq.(31).
From the Friedmann equation and conservative equations, we have
Equivalently,
Substituting the results of Ω m0 = 1 − Ω de (z = 0) and Ω de (z) by solving Eq.(31) into Eq .(34), the function E(z) can be obtained. Of course, it is impossible to perform the best-fit analyses on all single-parameter models corresponding to the cases n > m ≥ 0. However, we can still learn something from the best-fit analyses on a sample of models. Here, we are going to focus on the models with subjecting to 0 ≤ n ≤ 7 as well as max(0, n − 4) ≤ m < n and to figure out some general results. The ηHDE model corresponding to the case (n = 0, m = −1) is also included.
In Table [I] , we present the best-fit χ 2 results by using only the Union2.1 compilation of 580 supernova Ia (SNIa) data [50] . For comparison, we also fit the ΛCDM model to the same observational data, and find that the minimal χ 2 ΛCDM = 562.227 for the best fit parameter Ω m0 = 0.278. Obviously, the ΛCDM model fits to the SNIa data best. It is interesting to note that the best-fit result of the ηHDE model is the same as the ΛCDM model. Actually, the ηHDE model reduces to the ΛCDM model when model parameter d → ∞ [1] . From Table [I] , when focusing on the single-parameter models with n > m ≥ 0, we see that models with n − m = 1 have much smaller best-fit χ 2 functions than models with n − m > 1 for the given n. Also for the given n − m, the best-fit χ 2 function increases with n .
It is noticed that the single-parameter models characterized by the conformal-age-like length scale with n − m = 1 seem to be more favored, we shall pay more attention to those models. The best-fit results for those models with some corresponding quantities are summarized in Table [II] .
We can also see that the present EoS of dark energy w de0 deviating from −1 become much more for larger n. Among the single-parameter models (n ≥ 1) the present fraction of matter Ω m0 is increased with larger n. It is interesting to note that the parameter d is compatible with 1/n in Table [II] . This can be enlightened by the EoS given in Eq. (10) . The present EoS of dark energy
As Ω de0 1, it leads to d being compatible with 1/n in order to get w de0 deviating less from −1 which seems to be more favored by the observations. The complimentary data sets from different cosmological observations often constrain dark energy models better. Therefore, we would like to perform joint analyses on the same sample of models by using the Union2.1 compilation of 580 supernova Ia (SNIa) data [50] , the parameter A from BAO measurements [51] and the shift parameter R from CMB measurements [52] . In Table   [ III], we show the best-fit χ 2 results for those models. For the given n, we again conclude that models with n − m = 1 are more favored. For the given n − m, the best-fit χ 2 function increases generally with n except that the best-fit χ 2 of the model with (n = 1, m = 0) is larger than the model with (n = 2, m = 1). This is mainly because the model with (n = 1, m = 0) favors much smaller fraction of matter and goes more against the BAO and CMB observations which are more sensitive to the present fraction of matter than the SNIa data.
The best-fit analysis indicates that the models characterized by the conformal-age-like length
′ a n−1 (t ′ ) with small n are more favored from the cosmological observations. In Table IV , we present the best-fit results of models with n − m = 1 as well as 0 ≤ n ≤ 4 at the model, ∆χ 2 ≡ χ 2 − χ 2 min ≤ 1.0 (4.0) is used to constrain the model parameter at the 68.3% (95.4%) confidence level, while ∆χ 2 ≤ 2.3 (6.17) is used for the two-parameter model. The likelihoods or probability contours of these models are plotted in figure 1 and 2 . From Table IV , we find that the present EoS of the dark energy w de0 is around −1 for model with (n = 1, m = 0), while for models with n > 1 the present EoS of dark energy are significantly below −1 at two 2σ level.
It is also noticed that the EoS of dark energy in the ηHDE model has w de0 −1 and slightly deviates from −1. In Table IV , just as in Table II .
IV. CONCLUSION AND DISCUSSION
We have investigated a general class of holographic type dark energy models described by the characteristic length scale L = 1 a n (t) should be abandoned as the dark energy cannot dominate the universe forever and there might be too large fraction of dark energy in early universe, while the choices m > n ≥ 0 must be forbidden from the self-consistent requirement that Ω de ≪ 1 when a ≪ 1.
It is worth to point out that although the energy density of the dark energy in those selfconsistent models grows or falls more slowly than the energy density of radiation and matter, the dark energy cannot dominate the early universe due to the much smaller initial density, e.g.
for the models with n = m + 1 > 0, we have
e ≪ ρ r (a e ) at the end of the inflation at a e ≪ 1. But the dark energy will eventually dominate the universe and be responsible for the recent cosmic acceleration. Interestingly, for models with n > m ≥ 0, the pre-inflation part of the characteristic length L is redshifted by the inflation which results in that Ω de (a e ) is determined by the model parameter d and the inflation approximately. This means that the coincident problem of dark energy might be solved by the inflation naturally in these models.
The model with (n = 0, m = −1) and the single-parameter models corresponding to cases n > m ≥ 0 have been studied by using the recent cosmological observations. It has been shown that the five models with (n = 0, m = −1), (n = 1, m = 0), (n = 2, m = 1), (n = 3, m = 2) and (n = 4, m = 3) fit to observations well. In the case (n = 0, m = −1), the characteristic length scale L is dominated by the primordial part generated by the inflation, which resulted in small and almost constant dark energy density [1] . While for the single-parameter models characterized by the conformalage-like length L = 1 a n (t) t 0 dt ′ a n−1 (t ′ ) with n > 0, it can be seen that the characteristic length scale behaves as L ∝ 1 Ha in early universe, and the best-fit analysis leads the model parameter
Thus, the holographic type dark energy in such single-parameter models characterized by the conformal-age-like length L = 1 a n (t) t 0 dt ′ a n−1 (t ′ ) with small positive n can be ignored in early universe as
(2n + 3w m + 1) 2 a 2 when a ≪ 1. The best-fit analysis has
shown that the models characterized by the conformal-age-like length L = 1 a n (t) t 0 dt ′ a n−1 (t ′ ) with small n are more favored from the cosmological observations.
Appendix A: Observational data and analysis method
In this appendix, we present the method used for the best-fit analysis on the observational data including Type Ia Supernovae (SNIa), Baryon Acoustic Oscillations (BAO), Cosmic Microwave Background (CMB) radiation.
For only Type Ia Supernovae (SNIa) observation, the likelihood function is given by
For the three independent observations, the likelihood function of a joint analysis is
The model parameters yielding a minimal i χ 2 i and a maximal L will be favored by the observations. In the following, we present the calculation for the various χ 2 i of each observational data set.
Type Ia Supernovae (SN Ia)
We consider the Supernova Cosmology Project (SCP) Union2.1 compilation [50] , which compiles the distance modulus µ obs (z i ) of 580 supernovae. The theoretical distance modulus is defined as µ th (z i ) ≡ 5 log 10 D L (z i ) + µ 0 ,
in which the parameter µ 0 is a nuisance parameter but is independent of the data. The Hubble-free luminosity distance is given by
with E(z) ≡ H(z)/H 0 .
The χ 2 for the SNIa data is given by 
Evidently, χ 2 SN has a minimum asχ
which is independent of µ 0 . Sinceχ 2 SN,min = χ 2 SN,min , we will adoptχ 2 SN in our best-fit analysis.
Baryon Acoustic Oscillations (BAO)
From the distribution of SDSS luminous red galaxies, the quantity A via the measurement of the BAO peak is defined as [51] A ≡ Ω 
at the redshift z b = 0.35. The SDSS BAO measurement [51] gives A obs = 0.469 (n s /0.98) −0.35 ± 0.017, where the scalar spectral index is taken to be n s = 0.968 from the WMAP7 measurement [52] . The χ 2 of the BAO data is given by: 
Cosmic Microwave Background (CMB)
The shift parameter R is defined by [53] R ≡ Ω 1/2 m0
where the redshift of the recombination z * = 1091.3 WMAP7 [52] . The shift parameter R, which relates the angular diameter distance to the last scattering surface, the comoving size of the sound horizon at z * and the angular scale of the first acoustic peak in CMB power spectrum of temperature, has been measured to be 1.725 ± 0.018 [52] . The χ 2 of the CMB data is given by: 
